The study of non-Maxwellian plasmas is crucial to the understanding of space and astrophysical plasma dynamics. In this paper, we investigate the existence of arbitrary amplitude ion-acoustic solitary waves in an unmagnetized plasma consisting of ions and excess superthermal electrons (modelled by a kappa-type distribution), which is penetrated by an electron beam. A kappa (κ-) type distribution is assumed for the background electrons. A (Sagdeevtype) pseudopotential formalism is employed to derive an energy-balance like equation. The range of allowed values of the soliton speed (Mach number), wherein solitary waves may exist, is determined. The Mach number range (allowed soliton speed values) becomes narrower under the combined effect of the electron beam and of the superthermal electrons, and may even be reduced to nil (predicting no solitary wave existence) for high enough beam density and low enough κ (significant superthermality). For fixed values of all other parameters (Mach number, electron beam-to-ion density ratio and electron beam velocity), both soliton amplitude and (electric potential perturbation) profile steepness increase as κ decreases. The combined occurrence of small-amplitude negative potential structures and larger amplitude positive ones is pointed out, while the dependence of either type on the plasma parameters is investigated.
Introduction
The existence of nonlinear ion-acoustic (IA) solitary structures in different plasma environments has been confirmed theoretically as well as experimentally by a number of researchers [1] [2] [3] . It is established that stationary nonlinear localized electrostatic (ES) waves may be excited when an electron beam is injected into a plasma [4] . The presence of electron beams is also clearly indicated by space observations in the upper layer of the magnetosphere, where a coexistence of two different electron populations (say, warm energetic ones and cold, i.e. inertial electrons) is reported by various satellite missions (the S3-3 [5] , Viking [6] , the FAST at the auroral region [7, 8] , GEOTAIL [8] and POLAR [9] ). Interestingly, the GEOTAIL mission has observed the existence of solitary waves propagating at a speed much slower than the thermal speed of the electrons [10, 11] . These plasma conditions have also been produced in the laboratory [12] [13] [14] [15] .
Focusing on nonlinear ES excitations, it is well known that the injection of an electron beam into a plasma strongly affects the conditions for the occurrence of solitary waves and may modify their properties. This is shown either by small-amplitude solitary wave theory (based on a reductive perturbation method) [16] [17] [18] or by more rigorous studies of large amplitude excitations (described by a pseudopotential approach) [19] [20] [21] . Such theoretical considerations have later been extended to numerical simulations [22] of electron-acoustic waves (related to broadband electrostatic noise, BEN, in the Earth's auroral region) [23] . The effect(s) of the electron beam density, ion temperature and/or electron beam temperature has (have) been investigated on the characteristics of small and large amplitudes ES solitary waves on either IA [20] or electron-acoustic scales in electron beam-plasma systems [24] [25] [26] . A recent combined study of nonlinear ion-and electron-acoustic solitary waves in multicomponent space plasmas in the presence of ion and electron beams has shown that three types of solitary waves may exist; namely, slow IA, IA and electron-acoustic solitons were found above a critical value of the Mach number [26] . Considering higher order nonlinearity effects in a plasma consisting of adiabatic warm ions, nonisothermal electrons and weakly relativistic electron beam, it is observed that the amplitude and shape of IA solitary wave may be significantly modified [27] . The vast majority of existing investigations of ES excitations (e.g., cited above) have considered a Maxwellian distribution of the background electron species. Going beyond this traditional textbook description is part of our scope here, well motivated by Space observations, as we shall discuss below.
The presence of superthermal particles in space plasma environments [28] [29] [30] [31] [32] [33] [34] and laboratory experiments [35] [36] [37] [38] [39] has been reported by a number of observations. The combined effect of wave-particle interaction and external forces on natural space environment plasmas is one main cause for the generation of superthermal particles. Due to the presence of superthermal electrons, a high-energy tail appears in the distribution function, which is conveniently modelled via a non-Maxwellian (generalized kappa) distribution. In a variety of space plasma environments, the kappa-type distribution has been suggested as more appropriate for real data analysis [40] [41] [42] [43] [44] (in comparison, that is, with the usual Maxwellian background assumption).
The three dimensional kappa distribution function is given by [42, 45] 
where v and n 0 are the velocity and equilibrium number density of the species, respectively.
is the effective thermal speed, modified by the spectral index κ(> 3/2), where T is the kinetic temperature and m is the mass of the species. Using the kappa distribution function and integrating over velocity space, one can obtain the number density of the corresponding plasma species. For very large values of κ, the velocity distribution function approaches a Maxwellian distribution.
We shall here rely on the original expression (1) for the κ distribution [40] . It may be added, for the sake of rigour and completeness, that a number of alternative forms have appeared in the past, bearing similar qualitative features (yet slightly different algebraic structure); we refer the reader to the critical discussion in the recent references [45, 46] . Another candidate for the modelling of nonthermal plasmas, the Tsallis ('q-Gaussian') distribution [47] , has been shown to lie in the foundation of non-extensive thermodynamics and is now gaining ground in modelling non-Maxwellian dynamics of many-body systems (plasmas and others) [47, 48] . It can be claimed, from first principles, that the kappa distribution is qualitatively analogous to the Tsallis distribution. Despite a number of works that have addressed the apparent ubiquity of the kappa distribution(s) in various plasma contexts [49] [50] [51] , there is at this stage no comprehensive theory relating this family of distributions to the fundamental underlying physics. Quite remarkably, a recent study just brought to our attention [46] claims to establish a rigorous link between the κ (family of) distribution(s) and the Tsallis distribution. This analogy is, however, certainly not algebraically straightforward, and still appears to be a controversial topic.
In account of the ubiquitous existence of superthermal electrons (in space [28] [29] [30] [31] [32] [33] [34] [49] [50] [51] and in laboratory [35] [36] [37] [38] [39] plasmas) and in relation with the associated observation of solitary structures [52] [53] [54] , we have undertaken in the text to follow a study of the effect of superthermality on IA solitary waves in the presence of an electron beam in superthermal plasmas. We shall derive an energy-balance-like equation for solitary waves and will investigate the parametric regime for their existence, in relation to different types of excitations. The effect of the electron beam characteristics, as well as of the superthermality of the background, will be discussed.
The layout of this paper is organized as follows. The model equations are presented in section 2. In section 3, we reduce the arbitrary amplitude solitary wave problem to a mechanical-energy-balance-analogue equation by adopting the established pseudopotential (Sagdeev) approach. In section 4, we shall investigate the conditions for the existence of solitary structures. The effect of superthermality and of the beam parameters (electron beamto-ion density ratio and electron beam velocity) on the characteristics of solitary waves will be discussed in section 5. Finally, the concluding section 6 will summarize the results presented in this paper.
Two-fluid beam-plasma model
We consider a collisionless and unmagnetized plasma consisting of three components, namely cold ions (charge q i = Ze, mass m i ), electron beam (charge q e = −e, mass m e ) and superthermal electrons. The former two species (ions and electron beam) are described by a set of fluid moment equations, while the latter (electrons) are modelled by a kappa velocity distribution. We shall adopt a one-dimensional description for simplicity.
The fluid equations read, for the ions,
and for the electron beam,
The four equations are coupled through the Poisson equation,
where n α (α = i, e, b), u i , u b and denote the number density of each species, the ion mean velocity, the beam velocity and the ES potential, respectively. The assumption of charge neutrality at equilibrium, n i0 Z = n e0 + n b0 , implies
where we have defined the parameters α = n e0 /n i0 and ν = n b0 /n i0 .
The electron number density is
where the real parameter κ measures the deviation from Maxwellian equilibrium (recall that κ > 3/2 in order for a physically meaningful thermal speed to be defined). We stress the fact that no charge-neutrality condition is imposed on the plasma state off-equilibrium, thus allowing the number densities of all species to evolve dynamically in response to potential variations, as dictated by Poisson's law. The electron beam velocity u b0 will be later incorporated in the description via the boundary conditions (see in the next section). We shall assume a finite-yet-negligible overall charge current j = n b0 u b0 0, in order for the ES character of the excitations to be preserved, i.e. for the right-hand side (rhs) of Ampère's law to vanish [55] . Thus, we shall restrict our beam density and velocity parameters to very low values, i.e. by taking νU 0 1, where U 0 = u b0 /c s is the reduced beam velocity.
Normalizing by appropriate scaling quantities (to be determined below), we may cast the system of two-fluid-Poisson equations in a dimensionless form. The reduced equations are presented in the following. For the ions:
for the electron beam:
Poisson's equation becomes
Here the fluid velocity u i , the number density n i and the ES potential variables are scaled as u = u i /c s , n = n i /n i0 and φ = / 0 ; we have defined the unperturbed ion density n i0 . The beam variables areñ b = n b /n i0 andũ b = u b /c s ; the tildes are dropped in equations (12)- (14) and henceforth. Space and time variables are scaled by the Debye length λ D,e = (k B T e /4πZn i0 e 2 ) 1/2 , and the inverse ion plasma frequency ω ( 1/1836) , and the potential scale reads 0 = k B T e /e. The characteristic velocity scale (IA 'sound speed') used is c s ≡ (Zk B T e /m i ) 1/2 . We should point out, for rigour, that the latter (textbook) expression for the 'sound speed' c s rigorously applies to an electron-ion plasma in which the electrons obey a Boltzmann distribution. On the other hand, in nonthermal plasmas, Debye shielding is altered in a plasma with a κ distribution, and thus an effective κ-dependent Debye length is found [57] . Thus, the true sound speed in the plasma model under consideration, with an electron density as given by equation (9), is essentially κ-dependent and differs from c s , as will be discussed below. The term 'real sound speed' will therefore be used below, where appropriate, to distinguish the true modified (κ-dependent) sound speed in our plasma system.
Pseudopotential approach
To obtain a solitary wave solution, we assume that all fluid variables in the evolution equations depend on a single variable ξ = x − Mt (where M is the Mach number, i.e. the pulse propagation velocity normalized by the sound speed). This is the well-known pseudopotential method, leading to a number of ordinary differential equations (ODEs) in a variable of ξ . Now equations (10) to (14) take the form
Note that the rhs of the latter (pseudo-) equation of motion for the moving electric potential disturbance vanishes at equilibrium (n → 1, u → 0, n b → ν and φ → 0). After integrating equations (15) to (18) and applying appropriate boundary conditions for localized perturbations, namely,
and
From equations (20) and (21), we find
The reality condition M 2 2φ is to be imposed here; note that this requirement of a physically realistic density limits positive potential values only. From equations for the electron beam, we find
From equations (23) and (24), the density of electron beam is given as
We emphasize the fact that equations (22) and (25) act as energy criteria, impose boundaries to our region of potential φ values of importance in the following. In specific (due to reality requirements) positive solutions (for φ) are limited by
while negative solutions for φ are limited by
Given the smallness of µ, one expects small values of the negative potential pulses (see the figures). Substituting equations (22) and (25) into equation (19) , multiplying the resulting equation by dφ/dξ , integrating and applying the boundary conditions, dφ/dξ → 0 at ξ → ±∞, we get
where the pseudopotential V (φ, M) is given by
Equation (28) can be regarded as the 'energy-balance equation' for an oscillating particle of unit mass, with position φ, time ξ , velocity dφ/dξ and potential V (φ, M) given by equation (29) . We recall, in view of the forthcoming analysis, that the Maxwellian limit [2] is clearly recovered for κ → ∞ and ν → 0.
ES solitary waves: conditions for occurrence
For solitary wave solutions of equation (28) to exist, the following requirements must be satisfied: φ=0 = 0 (at the origin), which indicates that both the electric field and the charge density be zero far from the localized positive/negative potential solitary structures,
< 0, so that the fixed point is unstable at the origin (i.e. V (φ, M) has a maximum at the origin) and (iii) V (φ, M) < 0 for 0 < |φ| < |φ 0 |; here φ 0 denotes the positive root (φ max ), for positive potential solitary waves (or conversely the negative root (φ min ), for negative potential solitary waves).
Mach number threshold M 1 : the soliton existence condition
At equilibrium, equation (29) shows that V (φ = 0, M) = 0 and dV (φ = 0, M)/dφ = 0. The condition for the existence of solitons can be found from the roots of
= 0 in terms of the Mach number M. The lower limit of the Mach number, say, M = M 1 is given by solving 1
where the equality holds for, say, M = M 1 . It may be appropriate to discuss the ordering of different terms here.
Maxwellian e-i plasma limit. First, setting ν → 0 and κ → ∞ in equation (30), we readily recover the limit M 1 = 1, establishing the known supersonic character of IA solitary waves in ordinary e-i plasmas [2] .
Kappa (superthermality) effect (no beam)
. Now, 'switching on' superthermality (κ < ∞), but still keeping the beam absent (ν = 0), we see that an immediate consequence of the kappadistributed background is to lower the sound speed to, say, M
In fact, the sound speed remains in the vicinity of 1 for large κ, yet reduces down to very low values below, say, κ = 6 (and even vanishes for κ → 3/2), as extensively discussed in Saini et al [44] .
Beam effect (no kappa).
Inversely, keeping for a minute the beam present (ν = 0) but electrons Maxwellian (κ = ∞), the 'sonic' threshold changes to, say, M
1 > 1. At this stage, one might be tempted to argue that µ 1/1836
1. However, we note that the ratio µ/ν is, in fact, much larger than unity, given the low values of ν (∼10 −4 -10 −5 ) here considered for purely ES excitations (see discussion above). Thus, the effect of the beam is to increase the threshold for ES solitary waves to exist. In fact, it increases the value of the root of V (φ)| φ=0 on the M-axis (refer to the discussion in [56] and note figure 1 therein).
Combined beam-kappa effect. Concluding, we see that the combined effect of the electron beam and the superthermality of the background consists of a competition among the second and third term(s) in equation (30) , which tends to allow for slower and faster, respectively, excitations to occur. To trace this effect qualitatively, we obtain the approximate root of equation (30):
i.e.
1 (we have used U 0 M and ν 1 Z). A more rigorous approach consists of solving equation (30) numerically. The quartic polynomial equation (30) yields four roots; however, all the roots will not be physically acceptable, since only real positive roots are to be considered. A numerical investigation suggests that only one positive real root of M 1 exists for realistic finite values of the physical parameters. For instance, for Z = 1, ν = 0.000 25, U 0 = 0.05 and κ = 3.5, we find M 1 = 1.002 93, which is greater than the IA speed in the Maxwellian case. In the absence of the electron beam (setting ν = 0), equation (30) yields M 1 = 0.816 497 which agrees with the value of the lower limit of the Mach number [44] . We have analysed numerically the variation of the lower velocity limit M 1 with density ratio of electron beam to ion (ν) for fixed values of κ, beam velocity U 0 and µ. From figure 1(a) , it is seen that M 1 increases with increase in ν as well as the value of κ. A small value of κ represents more superthermal particles and thus an increase in superthermality lowers the value of M 1 , as discussed above. In any case, the presence of the electron beam results in the sonic threshold M 1 exceeding the beam-free value (for e-i plasma), either with superthermal or with Maxwellian electrons. Figure 1(b) shows the variation of the lower velocity limit M 1 with electron beam velocity U 0 for fixed values of κ, ν and µ. We see that the critical Mach number M 1 increases with an increase in beam velocity (for positive U 0 ) and/or with an increase in the value of κ. We may stress that both positive and negative values of the beam velocity U 0 were considered in this figure, the former (latter) corresponding to ES solitary wave propagation parallel to (opposite to) the beam direction of flow. In the negative region, i.e. for counter-propagating ES solitary waves, we see that the effect is reversed, that is, an increase in the (absolute) value of U 0 leads to a decrease in M 1 , hence to a wider-more extended-region of permitted speed M values.
Upper Mach number limit M 2 : the infinite compression limit
For solitary waves to exist, an upper velocity limit arises from the physical requirement of a real ion number density, as given by equation (22) . The upper velocity limit (say M 2 ) can be found by imposing the requirement V (φ = M 2 /2) 0 and is therefore obtained numerically from the following equation,
Let us consider various effects in equation (32), by isolating the different terms therein. First, by taking both ν = 0 (no beam) and κ → ∞ (Maxwellian electrons), we recover the From top to bottom, the dashed curve (upper limit) corresponds to the infinite compression limit M 2 , for ν = 0.000 25, or ν = 0 (no noticeable dependence of M 2 on ν; see the discussion following equation (33) in the text); the dotted curve (lower limit) to threshold M 1 for ν = 0.000 25 and the solid curve to threshold M 1 for ν = 0 (no beam). Recall that solitons may occur in the region between the top and middle curves for beam-plasma or between the top and bottom curves, for ordinary (e-i) plasmas. 2 1.58 for IA solitons in e-i plasmas [2] . Keeping ν = 0 (no beam) but κ < ∞ (superthermal electrons), equation (32) recovers exactly equation (22) in [44] . Now, let us consider ν to be finite (non-zero). Recalling that U 0 M < M 2 and µ, ν 1 Z are assumed to hold, we obtain from equation (32) the approximate relation:
known upper limit M (e-i)
where a (small) contribution of the order
is omitted. Given the smallness of ν, µ and U 0 , we conclude that M 2 (upper curve) in figure 2 does not change essentially by varying ν nor U 0 .
Parametric investigation
We have seen that IA solitary waves, in the form of electric potential excitations (pulses), exist for values of the soliton speed (Mach number) M in the range M 1 < M < M 2 . Since both of these limits vary with κ, ν and U 0 , it is appropriate to investigate their dependence on these physical parameters. We have considered Z = 1 for this study.
The range of permitted values for the soliton speed (Mach number) M is elucidated in figure 2 , which depicts the variation of the lower and upper limits M 1 and M 2 with κ (for representative fixed values of the density ratio ν and beam velocity U 0 ). Recall that solitons may be sustained in the region in between these two limits. The upper curve in figure 2 (for ν = 0 and ν = 0.000 25) represents the upper velocity limit (M 2 ) for the existence of solitons, beyond which no soliton can be sustained. This corresponds to the infinite compression limit, where the density ceases to be real. Further variation of the value of ν, i.e. of the beam density, (within physically acceptable limits) produces no significant change to this curve. The middle curve in figure 2, for ν = 0.000 25, corresponds to the (real, κ-dependent) sound speed threshold M 1 . The lower curve in the same plot depicts the same sonic threshold for ν = 0, i.e. with no beam. Both Mach number M limits (i.e. M 1 and M 2 ) increase with an increase in the values of κ and beam parameter ν. Numerically, we find that M 2 approaches 1.58 (upper velocity limit) and M 1 = 1 (lower velocity limit), in the limit κ → ∞ and ν → 0 (see figure 2) , thus recovering the long-known values predicted in the seminal work by Sagdeev in [2] .
No ES solitary waves occurrence for small κ and high ν values.
Here is a most interesting point to be made. Having noticed (in figure 2) that the lower M boundary (M 1 ) increases with higher beam density ν, one is tempted to investigate whether-for reasonably high values of ν-the sonic threshold M 1 might reach-or exceed-the upper limit M 2 . Indeed, the answer is affirmative, as we show in figures 3(a)-(c). For instance, for ν = 5 × 10 −4 , the 'lower' curve M 1 in fact lies above the 'upper' one M 2 , suggesting that there are no solitary waves for κ below, say, 3.5 (see figure 3(a) ). The κ threshold is twice as high for ν = 6.5 ×10 −4 (see figure 3(b) ) and increases high enough to include the quasi-Maxwellian region beyond ν = 7.3 ×10 −4 (see figure 3(c) ). We therefore deduce that although ES solitary waves may occur in Maxwellian plasmas penetrated by an electron beam, they are plainly invalidated by superthermality (low κ). This effect is clearly related to the electron beam, i.e. is not present for ν = 0.
Solitary waves: form and characteristics
We have numerically solved the energy-balance equation (28) (combined with equation (29) 
Superthermality effect (via κ).
We recall that the deviation from the Maxwellian profile of the electron background is measured via the value of the spectral index κ. To show the effect of superthermality, we have considered different values of κ, from small (near the minimum of 3/2) up to large ones (recall that values above ∼10 are practically tantamount to a Maxwellian). The corresponding pseudopotential V (φ) is depicted in figure 4(a) , while the associated pulse (potential φ) solitons, ambipolar electric field (E) structure, ion fluid density (n) and fluid speed (u) (obtained numerically) are depicted in figures 4(b)-(e), respectively. In figure 4(a) , we see that the root of V (φ) (maximum ES potential) φ 0 increases monotonically with an increase in superthermality (i.e. a decrease in the values of κ) as seen upon a simple comparison of the curves (top to bottom). The depth of the Sagdeev potential well increases with an increase in superthermality (decrease in κ). We recall that the depth of the pseudopotential corresponds to the maximum value of φ (ξ ) (via equation (28)), so a deeper well implies a steeper (narrower) soliton pulse. Therefore, superthermality is expected to lead to narrower pulses (less extended spatially) being observed. The Mach number threshold M 1 increases with higher values of the beam-to-ion density ratio ν and/or the beam velocity U 0 . The values chosen for this plot are associated with pulse profiles of the ES potential φ, which are depicted in figure 4(b) (for the same values of κ, ν and U 0 , as in figure 4(a) ). The amplitude (width) of the IA soliton is seen to increase (decrease, respectively) with stronger superthermality (i.e. a decrease in the value of κ)-see figure 4(b), entailing a similar variation of the electric field E (see figure 4(c) ), ion density n ( figure 4(d) ) and velocity u (figure 4(e)).
Negative potential pulses. It is known from previous studies that the coexistence of inertial species of opposite charge polarity in a plasma may result in the (co-)existence of excitations of opposite polarity as well, i.e. of potential disturbances of either plus or minus sign (e.g. the coexistence of positive and negative potential IA solitary waves may occur either with the presence of two electron (Maxwellian) populations [58] [59] [60] or with single nonthermal electron in plasma) [61, 62] . We have so far anticipated positive IA pulses. One is therefore tempted to search for negative polarity potential structures as well, as intuitively suggested here by the coexistence of an electron fluid (the beam) with the inertial ions. Indeed, negative solitary waves do exist, in fact in the same-or at least partly overlapping-parameter regions (i.e. under the same physical conditions, or part thereof) as the positive IA pulses studied above. This is obvious in figure 5(a) , where we have adopted the same set of parameters as in figure 4(a) . The maximum amplitude of these negative structures is very small, compared with the positive potential structures. Here also, the maximum amplitude of (negative) solitary waves increases with an increase in superthermality (i.e. a decrease in the value of κ). The pulse profile for ES potential φ is depicted in figure 5(b) . The dependence of the pulse amplitude and width on the value of κ is similar to that of the positive potential solitary waves case (e.g. see figure 4(b) ). Figure 6(a) shows the variation of the Sagdeev potential V (φ) versus φ for different values of the soliton speed (Mach number M) with κ = 4, and keeping other plasma parameters fixed. The maximum ES potential φ 0 increases with an increase in M. In figure 6(b) , we have depicted the variation of the potential φ pulse profile for different values of M, keeping the remaining plasma parameters as in figure 6(a) . It is seen that the soliton speed is related to the solitary structures' characteristics, so that in fact faster solitons are taller and steeper, in agreement with the usual picture.
Soliton speed (M) effect.
Beam density (ν) effect. It is interesting to point out that the (region of allowed values of the) soliton speed M moves to higher values with an increase in ν (see figure 1(a) ). Since the amplitude depends on the propagation speed, one therefore expects to find a dependence of the amplitude on the beam characteristics (density, velocity). Indeed, an increase in ν (implying, as said earlier, an increase in the prescribed soliton speed) thus leads to an increase in the maximum amplitude φ 0 . The maximum amplitude of negative solitary waves turns out to be a growing function of the beam density ν. Therefore, for negative φ 0 , the absolute value of φ 0 (the amplitude of the negative pulses see figure 7 (a)) decreases with increasing ν. As one might expect, therefore, the negative amplitude vanishes above a certain value of ν (an upper limit). For instance, we have found numerically that the negative potential solitary waves disappear for a value of ν 5 × 10 −4 , assuming κ = 4, M 1 = 1.2 and U 0 = 0.05. On the other hand, positive potential solitary waves undergo a negligible change, if any, in their amplitude (a decrease, in fact), by varying the beam density; see figure 7(b), where a variation of less than 0.1% is observed, for a beam twice as dense or higher.
Beam velocity (U 0 ) effect. In the absence of the beam, an unmagnetized plasma is isotropic. Therefore, no loss of generality is implied by considering any sign of (the soliton speed) M. However, 'switching on' an electron beam leads to symmetry-breaking, in the sense that there is a particular direction (that of the beam flow) which distinguishes between a positive and a negative direction along the x-axis (in a 1D geometry). A distinction among solitary wave excitations which are co-and counter-propagating (with respect to the beam) needs to be made density ν (discussed above). Negative potential solitary waves decrease in amplitude with an increase in the beam velocity U 0 , while there is no noticeable change for positive potential structures. Note for instance that the three curves (for different U 0 values), for positive pulses, coincide exactly in figure 8(a) (i.e. overlapping, cannot be distinguishable); compare this to figure 8(b) for negative pulses. This suggests a negligible dependence of positive solitons on the beam velocity U 0 . In figure 8 (c), we have depicted the variation of the potential φ pulse profile for different values of U 0 (fixing the remaining plasma parameters as in figure 8(a) ). It is seen that a higher beam velocity leads to a decrease in the solitary wave amplitude and to an increase in its width. The behaviour described in this paragraph is also observed in figure 10 (considering positive U 0 values therein).
In order to take into account counter-propagating solitary waves (i.e. propagating in the direction opposite to the electron beam), we have also considered negative values of the beam velocity U 0 . Figure 9(a) shows the variation of the Sagdeev potential V (φ) versus φ for different negative values of the beam velocity U 0 . Again, negative potential solitary waves increase in amplitude for higher beam velocity U 0 , yet there is no noticeable change in the potential variation of positive potential structures. The variation of the potential φ pulse profile for different negative values of U 0 is shown in figure 9(b) , by keeping the remaining plasma parameters as in figure 9(a) . The increase in the negative value of beam velocity leads to an increase in amplitude (and a decrease in width). Therefore, the inverse effect is now witnessed, as compared with the behaviour obtained above for co-propagating solitary waves.
The behaviour discussed in the latter two paragraphs is in fact summarized in figure 10 . In figure 10 (a), we have depicted the variation of the maximum ES potential φ 0 of negative potential solitary waves versus the beam velocity U 0 for solitary waves propagating either in the direction of the beam flow or opposite to it. The analogous plot for positive pulses is given in figure 10(b) . We see that co-propagating negative ES potential pulses decrease in amplitude with an increase in the value of the beam velocity. In fact, when the beam velocity (U 0 ) approaches 0.4 (for κ = 4, M 1 = 1.2 and ν = 0.000 25, here), the negative potential solitary waves disappear. On the other hand, such (negative) pulses increase in amplitude for higher beam velocity in the counter-propagating case. Finally, from figure 10(b), we see that there is an infinitesimally small change (a slight decrease, in fact) in the amplitude φ 0 of positive potential solitary waves (pulses) with an increase in the beam velocity (regardless of its direction); in fact, a change by a factor of the order of 10 It is seen that the width parameter (soliton amplitude) increases (decreases) with an increase in the beam velocity U 0 . Hence the width parameter which represents the variation of the soliton width decreases with an increase in the amplitude of the soliton ( figure 11(b) ). It may be added for rigour that the depth of the pseudopotential well was here associated with the width heuristically, as explained above. The same may well be measured from the potential profiles (as in our plots) numerically, providing the same qualitative results.
Conclusions
We have provided a thorough analysis from first principles of the occurrence of large amplitude IA solitary waves in an unmagnetized plasma consisting of ions and excess superthermal electrons (modelled by a kappa-type distribution), which is penetrated by an electron beam. A kappa (κ-) type distribution was assumed for the background electrons. A pseudopotential formalism was employed to derive an energy-balance like equation. The range of allowed values of the soliton speed (Mach number), wherein solitary waves may exist, was determined. We have traced the effect of superthermality and beam parameters (the beam-to-ion density ratio and the beam velocity) on the characteristics of IA solitary structures.
Our results are summarized as follows:
(i) Both large positive structures and small negative potential structures may (co-)exist.
(ii) The Mach number range for the existence of IA solitary waves sensitively depends on the ν, U 0 and superthermality (via κ). In the combined presence of the electron beam and superthermal (off-Maxwellian) electrons in the background, both lower and upper limit(s) of the soliton speed (M 1 and M 2 ) are modified. The plasma in general supports slower solitons for smaller values of κ (increased electron superthermality), yet faster ones for an increased beam current j = ν U 0 . The electron beam (density and velocity) parameters affect the lower threshold (M 1 increases for higher j = νU 0 ), yet have no significant effect on the upper limit (i.e. no change in the value of M 2 ). In the absence of the beam, the well-known previous limit (Mach number range in [44] ) is retrieved. This study may shed some light on the properties of IA solitary waves in space and laboratory plasmas (laser-matter/plasma interaction experiments), where the combined presence of electron beams and excess superthermal electrons may be encountered.
